SOLUTIONS
Math104/184 Final Exam (December 2010) [UBC]
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1. (b) lijgof(x) = 1@0[“ g(x)-
1. (c) Let A be the amount of money at time t. Then, since interest is compounded quarterly (i.e., four times a
year), then A=P(1+<L)", where P =10,000, r=0.12,and n=4. So
A=10,000(1+%12)* =10,000(1.03)".
If A=12,000, then
10,000(1.03)* =12,000 = (1.03)* =12 = 4tIn1.03=In1.2.

In1.2
4In1.03

1. (d) The rate of growth is R(t) = N'(t) =60t —3t*>. This rate of growth will be decreasing if

R'(t) is negative. Since R'(t)=60-6t=6(10-t), R'(t) <0 when t >10. So the rate of growth N'(t)
will be decreasing when t >10.

Sot=

~
~

X2 -3x : X(x—3) =X limx 3 3
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At x =1, the slope of the graph of y=1In f(2x) is
_dy _2f'(@ _2(5 _ 10
dx|,, (2 3 3’

1. (g) Since the tangent lineto y= f(x) at x=3 is y=5x—7, then the point (3,8) is on both the tangent line
and the curve, so f(3)=8 and f'(3)=5. Since we want to solve the equation f(x)—x=0, let
g(x)=f(x)—x. Then g'(x)=f'(x)-1,s0 g(38)=f(3)-3=8-3=5and g'(3)=f'(3)—1=5-1=4.

g(xo) _ 3_@ — 3_§ = !

Thus X, = X, ———~ = = = — = 1.75.
9'(%o) 9'¢) 4 4
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1. (h) At x=1, y=1In1=0, so the point of tangency is (1,0).

Since g—y = x-l+lnx-1 = 1+Inx, the slope of the tangent line to y=xInx at (1,0) is
X X
m:d—y =1+Inl1 =140 = 1.
dx |,

The equation of the tangent line is therefore
y—-0=1(x-1) or y = x-1.

x-g—2lnx-1

L) 1709 = () = X — = 28500,

X2

The function f(x) is concave down when f"(x) <0. This happens when

2(1-Inx)
XZ

<0 = Inx>1 = x>e'=e.

So f(x) is concave down on the interval [e, ).

) d d dx dy
1. x> +2y*=9 —(X*+2y*)=—(9 2X—+4y—=0.
) x*+2y :>dt( +2y°) dt(): praiies o
. dx .
Plugging in (x,y)=(1,2), Ezs gives
2-1-3+4-2-ﬂ:0 = d—y:—E:—E:—O.75.
dt dt 8 4

The y-coordinate is decreasing at a rate of 0.75 kilometres per minute.

1. (K) Ata critical point, f'(x) is either zero or undefined.

Now f'(x) :Ex’“3 =i can never be zero, but it is undefined when x=0. So x=0 is the only
3 33x
critical point. The endpoints are x=-1 and x=8.

Since f(-1)=(-)¥*=@/~1)?=1, f(0)=0"*=3/0)>=0 and f(8)=8%°=(3/8)? =4,

the global maximum on the interval [-1,8] is f(8) =4 and the global minimum s f(0)=0.

1.() f'(x) = acos2x-2+(X-(=sinx)+cosx-1) = 2ac0s2X — XSin X + COSX .
If x=r isacritical point of f(x),then f'(z)=0, i.e.
f'(r)=2acos2z—zsinr+cosz=0 = 2a-1-7-0+(-1)=0.

Therefore 2a-1=0,s0 a=3.
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1. (m) f(x)=e>", f(0)=¢e'=e,
f'(x) =e**".2=2e"", f'(0) =2e' = 2e,
f"(x) = 28" . 2 = 4e***, f"(0) = 4e' = 4e,
f"(x) = 4e** .2 =8e2", f"(0)=8e" =8e.

1. (n)

2. (a)

2. (b)

The third degree Taylor polynomial is

T.(xX) = 1:(O)+f’(0)x+f ©) x2+f ©) X3 = e+2ex+£x2+8—ex3 = e+2ex+2ex® +4ex3.
: 21 3! 2 3

Therefore ¢, =3e.

Let f(x)=Inx, a=1. Then f’(x)=1. The linear approximation is given by
X

f(x) ~ f(a)+ f'(@)(x-a) = FQ)+ f'Q)(x-1) = In1+%(x—1) = 04 (x-1),

SO Inx = x-1.

Therefore, IN0.8~0.8—-1=-0.2.

i(x3+xy2+y3):i(13) = 3+ (x-2yy' +y>-1)+3y’y' =0
dx dx
When (x,y)=(L,2), this gives
31 +1-4y' +27)+3:2°y'=0 = 344y +4+12y'=0 = 16y =-7.

=_L
1.2 16

The slope of the tangent line at the point (1,2) is therefore m=y’

The equation of the tangent lineis y—2=—% (x-1) or y=—£x+2.
From part (a), the equation of the tangent line is
y-2=-5(x-1) = x-1=-2(y-2) = x=1-2(y-2).
If the y-coordinate is 2, then the x-coordinate of the curve can be approximated by the x-coordinate of
the tangent line, which is

— 16 (31 _ 16 1 _ 1 _ 8
X = 1—7 E—Z) = 1_7(_E = 1+7 =7
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3. i(p3+ p):i(2q3+q2+10) = 3p*+l= 6q2d—q+2qd—q = (6q2+2q)d—q
dp dp dp dp dp

dg _ 3p*+1 _ 3p°+l

So = = .
dp 609°+29 2q(3g+1)

The elasticity of supply when p=3 and g =2 is therefore

g__Ppdg_ p 3p°+1 _ 3 33+l _ 328
q dp q 29(3g+1) 2 2:2-(6+1) 2 28 2

4. The average cost is A(q) =C(q)/q=3q"%+50+10,000q". Therefore
1 10,000

A(q) = 3-%q’2’3+0+10,000-(—q72) = 03 2
q q

At a critical point,
1 10,000 q°
213 2 =

q q
= =10 = ¢=10°=1000.

A@)=0 = =10,000 = q**=10"

The firm should produce 1000 kilograms in order to minimize the average cost.

5. The revenue is R(q) = pg = (400-50q)q = 400q—50q>.

The profit, which is P =R —C, will be maximized at a critical point, where 3—P =0, I.e.

q
P _OR_9C _ 400-100g)- 2% — 100|(4-q)--2_| = 0.
dg dg dg g+5 q+5
So 4—q:i = (4-q)(q+5)=8 = 20-q-g°=8
g+5

= 0°+q-12=0 = (q-3)(q+4)=0.

So q=3 or gq=—-4. Since g must be positive, the solution is g=3. The manufacturer must sell 3000
jackets per month in order to maximize monthly profit.
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6. The rate of increase of the price is

R(t) = ?TT = 0+30[t- (€% (1)) +e5.1] = 30e* (1-1t) = 6e° (5-t).

In order to find the maximum value of R, it is necessary to check both the critical values of R, and the
endpoints. Now
R'(t) = 6e™°-(0-1)+(5-t)-(6e™"° - (-1)) = 6 /°[-1-1(5-1)]
= Se°[-5-(5-1)] = e *(t-10),
so at a critical point %e‘”s(t —10)=0. Therefore t =10 is the only critical point.
When t <10, R'(t)=%e™*(t-10) <0, and when t >10, R'(t) =¢e /*(t-10) > 0.

So R(t) is decreasing when t <10 and increasing when t >10. Therefore, t =10 gives a local minimum.
Therefore the maximum is at the endpoint t =0. This is because R(t)=6e™"'°(5—t) is positive when t <5
and negative when t >5. For 0<t <5, R(t) is positive and decreasing, so its maximum value must occur at
the left hand endpoint t =0. The price of the stock is increasing most rapidly at t =0.






